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Gauge-invariant perturbation theory is an extension of ordinary perturbation theory which de-
scribes strictly gauge-invariant states in theories with a Brout-Englert-Higgs effect. Such gauge-
invariant states are composite operators which have necessarily only global quantum numbers. As a
consequence, flavor is exchanged for custodial quantum numbers in the standard model, recreating
the fermion spectrum in the process. Here, we study the implications of such a description, possibly
also for the generation structure of the standard model.
In particular, this implies that scattering processes are essentially bound-state-bound-state in-
teractions, and require a suitable description. We analyze the implications for the pair-production
process e+e− → f¯f at a linear collider to leading order. We show how ordinary perturbation theory
is recovered as the leading contribution. Using a PDF-type language, we also assess the impact
of sub-leading contributions. To lowest order we find that the result is mainly influenced by how
large the contribution of the Higgs at large x is. This gives an interesting, possibly experimentally
testable, scenario for the formal field theory underlying the electroweak sector of the standard model.
I. INTRODUCTION
Gauge invariance of experimental observables is a fun-
damental requirement of theories like the standard model
[1–4]. In the electroweak sector, this leads to an ap-
parent contradiction. Strictly speaking, the elementary
particles, i.e., the fields of the Lagrangian, the Higgs,
the gauge bosons, but also the fermions, are not gauge-
invariant states [1–3]. However, treating them like they
would be in perturbation theory gives an excellent de-
scription of experiments [5, 6].
This paradox is resolved by the Fro¨hlich-Morchio-
Strocchi (FMS) mechanism [3, 7]. This mechanism yields
that to a very good approximation the properties of
gauge-invariant, and thus composite, bound states co-
incide with those of the perturbative ones, at least in
gauges in which perturbation theory is applicable [8].
This effect has also been confirmed in lattice simulations
for the static properties of the particles [4, 9].
However, this poses the question of what are the impli-
cations for dynamics, especially the scattering of parti-
cles. The basic recipe of the FMS mechanism [3, 7] can in
principle be extended also to this situation [4, 10]. This
describes how the scattering of two bound states is to
leading order given by the scattering process of the (lead-
ing) elementary constituents [3, 4, 7], a picture not dis-
similar to the scattering of QCD bound states [6]. There
is, however, one important difference. In the standard
picture of the electroweak sector only one of the actual
constituents of the bound state operators contributes to
all orders in conventional perturbation theory. Capturing
the contribution from the second part requires to go be-
yond conventional perturbation theory in the FMS mech-
anism.
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Doing so is the aim of this work. The main motivation
is not that large deviations from the standard model are
necessarily expected. In fact, as the following will show,
deviations are probably restricted to very special circum-
stances, if at all. This is likely due to the particular struc-
ture of the standard model. In theories beyond the stan-
dard model this may change [10–13], though this does
not need to be necessarily so [14]. Nonetheless, under-
standing the standard model case, and at least identify-
ing possible candidate scenarios where a difference could
be expected, is a necessary first step. This will be done
here.
To this end, we will investigate pair production in the
process e+e− → f¯f , the situation at LEP(2) and the
planned ILC and CEPC. According to the FMS mech-
anism, a physical electron is actually a gauge-invariant
bound state formed by the elementary electron and the
elementary Higgs, see section II. To distinguish such
bound states from the elementary ones, we will denote
them by capital letters, both for the symbols and the
name. Likewise, the elementary states will receive for
names and symbols small letters. For instance, we will
use H for the bound state Higgs while h denotes the
elementary field of the Lagrangian. Thus, the actually
investigated process will be E+E− → F¯F .
As will be seen, any effects are probably not to be
expected below the 2-higgs threshold, making this CEPC
and ILC physics.
However, in a gauge-invariant setting already this re-
sult requires some amendments to the usual perturbative
setup. Why this is the case, and what kind of far-reaching
implications it has, will be discussed in section II. The
actual framework for the calculation of the process will
be developed in section III. This leads to a description1
quite similar to the one for bound state scattering in QCD
1 Interestingly, an approach based on a confining rather than a
Brout-Englert-Higgs-type physics in the standard model leads
2using parton distribution functions (PDFs) [6]. We apply
this formalism to the aforementioned process in section
III C. We find that some deviations may be observable,
depending on the actual structure of the bound states.
We summarize the presentation in section IV.
II. FLAVOR
The basic idea behind the FMS mechanism is to for-
mulate every observable first in a strictly, i.e., also
non-perturbatively, gauge-invariant form. This is a far
stronger statement than the usual perturbative gauge-
invariance, which holds only in a limited class of gauges
[8, 22]. In particular, in a non-Abelian gauge theory,
like the electroweak sector2, no single-field operator is
gauge-invariant, and it is necessary to resort to compos-
ite operators.
However, composite operators are essentially bound
state operators, and thus such states must be considered
bound states. This has been investigated and supported
in lattice calculations for the Gauge bosons and the Higgs
boson [4, 9, 10]. In these references also details for these
states, like the particular form of the corresponding com-
posite operators, can be found. A brief review of the
bosonic sector is given in [10]. Here, the subject is differ-
ent: the fermions.
A. Custodial symmetry replaces flavor symmetry
Given a (left-handed) fermion in some fixed generation,
its flavor is actually the weak gauge charge [6]. Thus,
the fermion state itself cannot be a gauge-invariant state
[3, 7].
It is therefore necessary to construct a state which can
emulate the elementary fermions [3, 7]. As will be seen,
a suitable gauge-invariant state is
Og(x) = h†(x)fg(x), with h =
(
φ∗2 φ1
−φ∗1 φ2
)
. (1)
The fermions are encoded in the field f , which is the
(left-handed) weak doublet of generation g. The ele-
ments φi are the components of the usual higgs doublet.
The hypercharge is skipped here, but can be added in a
straightforward way [3, 7]. The matrix-valued higgs field
h transforms under custodial transformations by multi-
plication from the right and under gauge transformations
to formally quite similar results [15–18], though for completely
different physics reasons. Similar lines of arguments [19, 20] also
follow in the Abbott-Farhi model [21], but again for different
physics reasons.
2 Note that such a theory always has an intact gauge symme-
try [23]. In the special case of the standard model, it is also,
strictly speaking, not possible to distinguish confinement-type
and Brout-Englert-Higgs-type physics [24–27].
by multiplication from the left [28]. Thus, this state is
gauge-invariant, but remains a custodial doublet. There-
fore, it has no longer any weak charge, but it inherits
from the higgs field the feature to be a custodial (left-)
doublet. Thus, the state contains two particles, distin-
guished by their global custodial charge. The Yukawa in-
teraction eventually breaks the custodial symmetry, and
creates the difference between the two states. Finally,
the index g separates generations, and also leptons and
quarks. Thus, the identity of being a quark or a lepton,
as well as the generation, is carried over from the fermion
to the full state. Since the higgs is a scalar, spin and par-
ity are also inherited from the fermion, and the operator
on the left-hand side is a spinor. Thus, flavor doublets
become custodial doublets.
Consider now, e.g., an electron and neutrino. The new
gauge-invariant state is [3, 7]3
Oνe = h†
(
ν
e
)
=
(
φ2ν − φ1e
φ∗1ν + φ
∗
2e
)
≡
(
N
E
)
(2)
showing that this state actually mixes what is conven-
tionally thought of as neutrino and electron.
The ordinary states do reemerge when applying the
FMS mechanism [3, 7]. This requires to fix a gauge in
which the higgs vacuum expectation value is non-zero,
in the present work we use a ’t Hooft gauge in which
〈φi〉 = vδ2i holds. Rewriting φi = vδ2i + ϕi in Oνe leads
in leading order in the fluctuation fields ϕ to
Oνe = v
(
ν
e
)
+O(ϕ), (3)
and by this the usual elementary doublet reemerges. In
particular, any two-point function constructed from the
operator (1) will therefore have the same mass poles, to
this order in ϕ, as the elementary fields4.
This also implies that the generation of the Dirac mass
term for the matter particles becomes an even more sub-
tle process and the particles themselves are rather sophis-
ticated objects. From the gauge-invariant perspective
(regarding the weak isospin), a ’physical’ Dirac fermion
F consists now of a ’physical’ left-handed fermion FL, the
propagation of which is described by a bound state of the
elementary fermion fL and the Higgs field φ, and a right-
handed fermion fR ≡ FR which is not charged under the
weak isospin. In this way the elementary fields make up
the propagator. The mass term mixes these two chirality
states as usual but by a nontrivial interplay between the
right-handed fermion and the left-handed fermion-higgs
bound state via the Yukawa interaction.
Roughly speaking, the following picture emerges: Con-
ventionally, and in a fixed gauge, an electron can start as
3 Note that there is no distinct capital ν, and thus N is used.
4 For the higgs and the weak gauge bosons this mechanism has
been demonstrated in lattice calculations to be working [4, 9].
This has also been seen for a toy GUT theory [13].
3a left-handed electron which flips to a right-handed one
through an interaction with the higgs condensate. This
yields to leading order the tree-level mass, and which can
be resummed to include quantum corrections. The pic-
ture in a gauge-invariant description is quite different.
A left-handed electron-higgs bound state can transform
by a Yukawa interaction of its constituents into a right-
handed electron and back. In fact, this is an oscillation
phenomenon. This kind of dressing leads to the mass of
the state. Thus, the Yukawa interaction is still responsi-
ble to create the masses of the fermions. But it is now a
dynamical effect without the need of an explicit nonvan-
ishing higgs condensate. A similar picture would arise in
any fixed gauge with vanishing higgs vacuum expectation
value [29]. Even though at first a quite different picture,
the FMS expansion connects them. The conventional
picture reemerges as the leading-order contribution in an
expansion in the fluctuation fields.
It is useful to also consider the full expression for each
of the two custodial charges separately
〈Oνe1 (x)O¯νe1 (y)〉 = v2〈νν¯〉+ v〈(ϕ2(x) + ϕ∗2(y))νν¯〉
− v〈ϕ1eν¯〉 − v〈ϕ∗1eν¯〉+ 〈ϕ2ϕ∗2νν¯〉
+ 〈ϕ1ϕ∗1ee¯〉 − 〈ϕ1ϕ∗2eν¯〉 − 〈ϕ2ϕ∗1νe¯〉,
(4)
〈Oνe2 (x)O¯νe2 (y)〉 = v2〈ee¯〉+ v〈(ϕ∗2(x) + ϕ2(y))ee¯〉
+ v〈ϕ1eν¯〉+ v〈ϕ∗1eν¯〉+ 〈ϕ∗2ϕ2ee¯〉
+ 〈ϕ∗1ϕ1νν¯〉+ 〈ϕ∗2ϕ1eν¯〉+ 〈ϕ∗1ϕ2νe¯〉,
(5)
where the arguments have only been indicated where they
are not obvious. The two-point correlation functions de-
scribe the motion of the elementary particles through
the condensate. This is just the usual picture in a fixed
gauge. The four-point functions describe interactions of
the constituents in this fixed gauge. The appearance of
the other fermion field is possible, as these changes are
balanced by the corresponding changes in the fluctuation
fields. The three-point functions are special. They corre-
spond to the absorption or emission of a fluctuation field
in the final or initial state from a state, which previously
or afterwards interacted with the condensate. This con-
densate interaction is necessary to balance the energy and
custodial quantum number. Note that only the sum of all
correlation functions is exactly gauge-invariant. So far,
these correlation functions are the full correlation func-
tions, in particular no perturbative expansion of them
has been performed.
Consider now as leading order the zero coupling limit.
This leads to a vanishing of the three-point functions.
The two-point function remains, yielding the tree-level
propagator for an electron and a neutrino. This gives the
single particle pole of the FMS mechanism as discussed
after Eq. (3).
The four-point functions expand to products of two
tree-level propagators, the corresponding fermion one
and some of the higgs degrees of freedom. They corre-
spond to a non-interacting two-particle state of a fermion,
and a higgs or would-be goldstone. Those contributions
involving the goldstones are BRST non-singlets, which
will cancel. This leaves only BRST singlets, in this case
the usual elementary higgs particle. This can be inter-
preted as a propagating fermion, which is accompanied
by a higgs excited from the condensate. This therefore
predicts a two-particle scattering pole on the left-hand
side at the sum of the masses of the fermion and the
higgs5.
At higher orders in conventional perturbation theory
also connected three-point functions, indicating a scatter-
ing with the condensate, and connected four-point func-
tions, initiating the scattering with an excitation from the
condensate, contribute. However, such contributions are
usually neglected when determining the propagation of
elementary particles. Given that they are proportional to
the fermion-higgs-Yukawa coupling, they should indeed
be negligible for anything but for the top and, perhaps,
the bottom. We will return to this in section III.
This combination of gauge-invariance, the FMS mech-
anism, and conventional perturbation theory has been
dubbed gauge-invariant perturbation theory [27], and we
will stick to this term6.
There are two more remarks to be made.
The first is the custodial symmetry breaking combina-
tion 〈Oνe1 (x)O¯νe2 (y)〉. As the Yukawa couplings are non-
zero, this will be non-zero. However, its leading order is
〈νe¯〉, which is zero due to electric charge conservation.
Thus in the operator 〈Oνe1 O¯νe2 〉 contributions arise only
beyond two-point level. This is a rather generic feature
of the FMS mechanism: If there is no elementary state
with the corresponding quantum numbers, no identifica-
tion with an elementary particle can be performed. How-
ever, correspondence can be here seen in a very broad
sense [10, 11, 13], as the transformation from flavor to
custodial quantum numbers already demonstrates.
The second issue arises from the other gauge interac-
tions. As already noted, the Abelian nature of the hyper-
charge avoids any problem, as here a Dirac phase factor
is sufficient [32]. Thus, the hypercharge will be ignored
in the remainder of this section.
The strong interaction and quarks are different. At
first it seems that the problem is irrelevant, as they are
anyway bound in hadrons. This might be true for some
meson states, as there is the possibility that all gauge
quantum numbers can be contracted to a singlet. For
instance, the state (u¯u + d¯d), the ω Meson, is indeed
invariant under weak SU(2) as well as the strong gauge
group SU(3)c. However, this will be obviously not the
5 In the purely bosonic correlators the corresponding scattering
poles have indeed been seen on the lattice [12].
6 There is also another perturbative approximation with this name
for the electroweak sector alone [30, 31], which is actually applied
to a slightly deformed theory [9]. However, it cannot be applied
in the presence of QED or Yukawa couplings to fermions, and
should not be confused with the present one.
4case for all Mesons, e.g., open-flavor Mesons. An example
for this latter case are the charged Pions.
It is again necessary to exchange flavor for the custo-
dial symmetry. This can also be formulated in a gauge-
invariant manner regarding the weak isospin with the
aid of the higgs field, analogously to the Lepton case, see
Eq. (1). Thus, e.g., the Π+ can be described fully gauge-
invariantly by the custodial state O¯ud2 Oud1 which expands
via the FMS mechanism in leading order to the ’usual’
π+ = |d¯u〉.
This issue is even more important for a baryon. A
baryon is a three quark state, as is necessary to obtain
a strong singlet. But it is not possible to contract three
weak fundamental charges to a singlet. Another funda-
mental charge is therefore necessary, which, e.g., can be
obtained from another higgs. Thus, a gauge-invariant
state would read, e.g., symbolically as either
ǫIJKcijklq
I
i q
J
j q
K
k h
†
i˜l
(6)
or
ǫIJKqIi q
J
j q
K
k h
†
i˜i
h†
j˜j
h†
k˜k
(7)
depending whether the hadron has one or three open
flavor indices, or to be more precise custodial indices,
respectively. Capital indices I, J,K are color indices,
i, j, k, l denote weak isospin indices and i˜, j˜, k˜ are cus-
todial indices. The coefficient cijkl for a conventional
isospin-1/2 baryon, has to be chosen such that the re-
sulting state is a gauge singlet regarding SU(2) and that
the total wave function of the baryon is antisymmetric.
A straightforward example is the ∆++ resonance.
Here, we have i˜ = j˜ = k˜ = 1 and the spin of all three
quarks is aligned to form a totally antisymmetric wave
function.
The situation is rather involved for the Proton. Choos-
ing
cijkl = a1 ǫijδkl + a2 ǫikδjl + a3 ǫjkδil (8)
with appropriate normalization factors, a1, a2, a3, leads
to a manifest gauge-invariant object which expands to
the usual proton state for i˜ = 1 while i˜ = 2 would corre-
spond to the field content of a neutron in leading order of
the FMS expansion. In order to form a totally antisym-
metrized wave function under the exchange of the three
quarks, we have to assign the spin quantum numbers in
an appropriate manner. This can be accomplished by us-
ing a spin wave function which is antisymmetric for the
first two quarks, labeled by i and j for the first contribu-
tion on the right-hand side of Eq. (8) and a symmetric
spin wave function for the last two contributions which
are symmetric under the exchange of i and j as usual.
Using the FMS mechanism, the Baryon states (6) and
(7) become again the ordinary baryon states, with the
Baryon masses. Nonetheless, this implies that every
Baryon, and most of the Mesons, have also at least one
higgs component, though it may be small. They actu-
ally carry a custodial quantum number, rather than a
flavor quantum number. In particular, as described in
section III for the Lepton case, this should influence the
scattering of Hadrons, and should be detectable in princi-
ple. However, whether in practice this effect can be seen,
given the QCD background, is currently speculative.
Of course, a bound state like a Lepton cannot decay
in its constituent lepton and higgs, as this would yield
a gauge non-invariant final state. It is only possible to
decay into other bound states, e. g., a Muon into an Elec-
tron and accompanying Neutrinos, which recreate the
known and measured [5] decays.
All of this works because the higgs is a scalar particle.
If it would have a different parity or spin, its presence in
all of these bound states would change the spin and/or
parity of the states, and thus would be an unambiguous
signal of its presence. This is not the case, which is a
strong conceptual hint that the higgs should be a scalar,
as is consistent with experiment [33, 34]. Note also that
the good agreement of perturbative results with experi-
ments [5] can be taken as an indication for the validity
of the FMS mechanism. After all, it predicts perturba-
tive results to be a good approximation, rather than to
require non-perturbative methods. This is important, as
the consideration of gauge invariance comes from a much
deeper layer of the consistency of gauge theories.
B. Generations as excitation spectra
In the previous discussion it was essentially concluded
that the concept of flavor has to be replaced by the cus-
todial symmetry within a generation. Usually the flavors
between different generations are considered to be some-
thing observable, and that there is a fundamental differ-
ence between, say, bottom and down. This is, however,
already not the case in conventional perturbation theory.
Also there the flavor identity is obtained from a combi-
nation of generation and weak isospin7. The difference
in flavor comes entirely from the fact that the Yukawa
interactions and the weak (isospin) interactions cannot
be simultaneously diagonal in generation space, leading
to the appearance of the CKM and PMNS matrices [6].
Therefore already in conventional perturbation theory it
is better to consider flavor not as an independent con-
cept, but rather distinguish between intergeneration and
intrageneration effects, and work with generations and
doublets instead.
7 For non-zero gauge coupling, the flavor of right-handed parti-
cles is actually an independent global symmetry. This should
be carefully distinguished, but plays little role in the following.
Note that we explicitly do not consider here the possibility of
an unequal number of left-handed and right-handed generations,
because we want to keep the anomaly cancellation within every
generation as in the standard model.
5Let us combine this with the insights from the previ-
ous section that bound states, created from the interac-
tions with the higgs field and/or the weak gauge bosons,
are the physical degrees of freedom. Furthermore, these
interactions are entirely responsible for all masses of the
fermions8. This leads to an interesting speculation, which
will be the subject of this subsection: Is it possible that
the three generations are just internal excitations of a
single generation? Then the standard model would be
the effective theory of the excitation spectrum. While
this may seem to be very far fetched at first glance, due
to the large differences in scales, this looks at the second
sight far less impossible: Even in the ordinary picture the
bound states have huge mass defects. And the Yukawa
interaction plays a dominant role.
In such a situation the left-handed bound states could
have internal excitations, which would be described by
further operator insertions. Correspondingly, the right-
handed bare field operators would be supplemented by
operators which have (weak gauge singlet) operator in-
sertions. Simple versions of such operators can be con-
structed by adding gauge-invariant scalar operators, like
φ†φ operators. The excited states are thus similar to
molecules, and the interaction is created by higgs ex-
change. This may seem to be quite impossible at first
sight, since especially for light fermions the Yukawa in-
teraction is very small. But already the lightest states,
the ground states, obtain their entire mass by this inter-
action as a dynamical effect without gauge-fixing. The
same is also true in a gauge with vanishing higgs vacuum
expectation value [29]. This makes it much less unfeasi-
ble, once appreciated fully9.
At any rate, the following part of this subsection is a
gedankenexperiment. Let us check whether such a pic-
ture is compatible with present experimental knowledge.
If true, there needs to be a set of (at least) three mass
eigenstates to be compatible with experiment. First of
all, let us investigate the gauge invariant operator (1) for
one elementary isospin quark doublet q in detail:
h†q =
(
φT ǫT q
φ†q
)
=
(
φ2u− φ1d
φ∗2d+ φ
∗
1u
)
≡
(
Uo
Do
)
(9)
The field q is the single elementary weak doublet of the
theory. The (weak) gauge invariant-description of Up-
type quarks and Down-type quarks are described by the
gauge-invariant bound state operators Uo = (ǫφ
∗)†q and
Do = φ
†q, analogously to the lepton case.
We would then interpret the ground state of the down-
type quark operator Do = φ
†q as a physical D = (φ†q)g
quark.
In case that the operator Do has overlap with at least
two higher excited states S = (φ†q)∗ and B = (φ
†q)∗∗,
8 Neutrinos are here considered as ordinary Dirac neutrinos.
9 Note that quantum mechanical arguments against such a possi-
bility [35] fail because the ground state already requires a rela-
tivistic treatment due to the large mass defects.
we could interpret these states as Strange and Bottom
quarks, respectively. A similar consideration holds for
the Up-type quarks. Therefore, the masses, and thus the
Yukawa couplings, of the second and third generation
would be a prediction of the theory, being the masses of
the excited states.
Furthermore, the elements of the CKM matrix could
be predicted. For this, we have to switch to the mass
eigenstates of the excitation spectrum of the operators D
and U . Let us now assume that the system is dominated
by the lowest order operators in the Higgs field, namely
φ†q, (φ†φ)φ†q, and (φ†φ)2φ†q for the Down-type quark
for instance10. Each of these operators will have some
overlap with the ground state D as well as the excited
states S and B,
φ†q = α0D + β0 S + γ0B + ... , (10)
(φ†φ)φ†q = α1D + β1 S + γ1B + ... , (11)
(φ†φ)2φ†q = α2D + β2 S + γ2B + ... . (12)
In order to change the basis between two sets of op-
erators, we can perform a unitary transformation AD
for the Down-type quarks and similar for the Up-type
quarks with a unitary matrix AU . Investigating transi-
tions between two custodial eigenstates in the basis of
the mass eigenstates involves elements of a unitary ma-
trix V = A†UAD. But this is exactly the same situa-
tion as already present in the standard model itself [6],
just that here the bound states are replaced by the ele-
mentary fermions, and the rotation is obtained from the
CKM matrix in the quark sector and PMNS matrix in
the lepton sector. In total analogy to the standard model
case, the unitary matrix V has nine free parameters from
which we can remove five by appropriate phase rotations
of the excited and ground states while a global phase
factor is redundant. Thus, we remain with three rota-
tion angels and an additional phase which characterizes
CP violation, all of which would be computable from the
coefficients on the right-hand side of Eqs. (10)-(12) and
similar equations for the Up-type quarks.
In this gedankenexperiment the perturbative treat-
ment of the three-generation standard-model is then just
a low-energy effective theory for the excitation spectrum
interactions, similar to chiral perturbation theory. The
actual underlying theory is a one-generation standard
model, where the generations are created as a dynam-
ical bound state effect. The masses of the excitations in
the effective theory are parameters obtained from exper-
iment. Likewise, the CKM/PMNS elements are just the
decay matrix elements of excited states to less excited
states or to the ground states11. Just as in chiral per-
turbation theory, these are put in the three-generation
10 Of course, any other operators with suitable quantum numbers
would lead to qualitatively the same results, though with other
quantitative overlaps with the different states.
11 Again, none of the states can decay in its constituents, as this
would not be a gauge-invariant process.
6low-energy effective Lagrangian by measurement, while
they could be calculated in the underlying one-generation
Lagrangian. Only four parameters remain in the one-
generation Lagrangian: The four (two quark and two
lepton) Yukawa couplings to the higgs.
This would reduce the number of free parameters sub-
stantially. Note that even CP violation can be incorpo-
rated into this picture as a dynamical mixing effect. For
instance, the Kaon decay translates in a straightforward
manner for the excited states.
The biggest theoretical challenge here is the necessity
to show that such an excitation spectrum exists. While
technically demanding, and practically yet out of reach,
this is in principle possible. A confirmation would require
not only the existence of the spectrum, but is highly con-
strained by a multitude of high-precision tests [5], e.g.,
the bounds on flavor changing neutral currents. The al-
teration in the number of elementary degrees of freedom
would probably also have cosmological implications.
The biggest experimental challenge yet is probably the
measurement of the number of (light) generations from
the deacys of the Z [5], which yields three. However,
this result is not in contradiction, when following the or-
der of theories. Only at energies of the order or larger
than the electroweak scale/higgs mass the one-generation
structure appears. In the low-energy effective theory
all parameters of the standard-model are fixed by mea-
surements, which, of course, include the bound-state ef-
fects. Any further imprints of the bound-state structure
can only appear as higher-dimensional operators, which,
however, will include the higgs field as the relevant de-
gree of freedom. Thus, these corrections are at least as
suppressed as other higgs effects. Thus, below the elec-
troweak/higgs scale, and especially at the Z mass, prob-
ing the inner structure is suppressed, and dominated by
the perturbative corrections of the three-generation stan-
dard model. Thus, only the bound states are apparent,
but not their structure.
Still, this requires that there exists no fourth light
excitation in the Lepton sector, like a fourth would-be
Neutrino. Whether this is indeed the case returns to
the requirement of an explicit calculation to answer the
question: How many excited states are there? And what
masses do they have? It is experimentally consistent that
there are only three light ones, but an explicit theoretical
calculation is necessary.
However, at least the considerations above show that a
mapping from the standard model parameters to the pa-
rameters of the excitation spectrum is possible. Whether
the parameters of the excitation spectrum indeed fit the
standard model parameters has to be shown by a detailed
analysis of the excitations. At the current time this is not
yet possible because no genuine non-perturbative method
is yet practically able to cope with the huge differences
between the levels, especially as these states are unstable.
But, even if no such excitation spectrum exists, the
electroweak sector is still described in a gauge invariant
manner for three generations of elementary fermions with
the aid of the FMS mechanism for each of the generations
separately.
There is a possibility to test experimentally the impli-
cations of both the FMS mechanism in the fermion sector
and this additional speculation. If these are bound states,
they have an inner structure, which should be possible to
probe. In analogy to other bound states, it is expected
that the inner structure becomes visible if the involved
energy scales are of the order of the masses of the con-
stituents and/or mass defects. In the present case, this
is of order the higgs mass. Thus, this requires to probe
the inner structure with energies of order the higgs mass.
The remainder of this work is dedicated to estimate
how the response of such a bound state to a probing
could possibly look like, and where it would possibly be
worthwhile to search for it. Lacking a possibility to de-
termine the inner structure in case of the above discussed
speculation, we do this by considering again the three-
generations case.
III. GAUGE-INVARIANT PERTURBATION
THEORY
A. Fundamental expressions
To this end, it is necessary to consider a realistic prob-
ing experiment. Though protons have also such an inner
structure, as the operator (6) suggests, it appears at first
sight unlikely that this structure would be easy to isolate
in proton-proton collisions like at the LHC, due to the
QCD background. We therefore turn to lepton collisions,
especially Fermion pair production in E+E− collisions.
In the FMS picture this is a collision of electron-higgs
bound states. Here, we concentrate on Muons, Bottom
quarks, or Top quarks in the final state, denoted collec-
tively as F .
The corresponding gauge-invariant matrix element is
given by
M = 〈Oνe2 (p1)O¯νe2 (p2)OF (q1)O¯F (q2)〉 (13)
in the center of mass system ~p1 + ~p2 = ~q1 + ~q2 = 0
and (p1 + p2)
2 = s. Only the lower-component custodial
states appear in the initial state as we are interested in
E−E+ scattering. (For the M−M+ final state, we have
to investigate the second component of the custodial dou-
blet operator for the second generation of leptons while
for the case of BB¯ or T T¯ we have to use the second or
first component of Otb, respectively). We neglect that
quarks would carry a color charge and would hadronize,
assuming this will happen on a sufficiently long time-scale
to not affect any of the investigations here. This is mo-
tivated by the fact that the QCD scale is much smaller
than the electroweak scale.
Following the rules of gauge-invariant perturbation
theory in section IIA, the gauge-invariant operators have
to be rewritten in a fixed gauge. We choose for this a ’t
Hooft gauge [6]. Since at tree-level the gauge-parameter
7dependence explicitly cancels according to the Goldstone
boson equivalence theorem, which we checked, we do not
specify the gauge further.
To identify what are the dominant subprocesses, we
order the expression by the powers of vacuum expecta-
tion values. To avoid a unnecessary lengthy expression,
the result is given here only symbolically for some of the
relevant terms,
M≈ v4〈e+e−f¯f〉+ v2〈η†ηe+e−f¯f〉
+ 〈η†ηη†ηe+e−f¯ f〉+ rest. (14)
The first expression is the usual matrix element, while
the other two involve additional higgs particles η (the
fluctuation field proportional to the direction of the vac-
uum expectation value in a ’t Hooft gauge) in the initial
or final states. Note that only BRST singlets can appear
here as initial and final states, and correlation functions
involving, e.g., goldstones will vanish.
There are also many other contributions with an odd
number of higgs particles. These essentially exchange a
higgs particle with the vacuum or one of the fermions.
However, we neglect initial state radiation of higgs par-
ticles and require an exclusive measurement of the final
state. Thus, such correlation functions have the wrong
number of legs, and will therefore not contribute.
The explicitly non-trivial two types of expectation val-
ues, i.e., order v2 and 1, in Eq. (14) expand at tree-level
as
M≈ v2
(
〈η†η〉〈e+e−f¯f〉+ 〈e+e−〉〈η†ηf¯f〉
+ 〈f¯ f〉〈e+e−η†η〉
)
(15)
+ 〈η†ηη†η〉〈e+e−f¯ f〉+ 〈e+e−ηη†〉〈η†ηf¯f〉+ ... .
In the first three contributions ∼ v2 always a single-
particle propagator appears, which is part of the initial
or final state. It does not interact at this level, and thus
corresponds to the spectators of the initial or final state,
but it has a vacuum insertion. This can be interpreted as
that the spectators are absorbed or emitted by the vac-
uum, and thus, the corresponding quantum numbers are
absorbed or emitted from the condensate. Alternatively,
as in the QCD case, this can be interpreted to be the rem-
nants moving into the beam-pipe or as the electroweak
equivalent of the hadronization process. At any rate, as
spectators they will not play a role in the following, and
can be thought to be absorbed in the PDFs or fragmenta-
tion functions as in the QCD case to be introduced below
in section III B.
The first term in Eq. (15) modifies the leading per-
turbative expression by a certain factor12. The second
12 Note that this is now a double expansion in both the couplings
and η. At any given order parameters like v have to be fixed
again as usual such that the results agree with experiment [6].
expression is the really interesting one: Here, the elec-
tron and positron of the initial state are spectators, and
the generation of the final state fermions is entirely due
to the interactions of the higgs constituents. This con-
tributes at the same order in the perturbative expansion.
The last of the three terms is dominated by the higgs-
electron Yukawa coupling, and will therefore be ignored,
as it is quantitatively irrelevant.
The two contributions in the third line of Eq. (15) de-
scribe individual scatterings of the constituents of the
bound states, rather than the scattering of the full bound
states. This later set is of higher order in a perturbative
expansion than the leading order, and can at leading-
order be ignored.
Also, there are always more versions of all of these ex-
pressions, depending on the actual arguments of the higgs
fields, as they can either propagate or act as spectators.
Moreover, there is also momentum partitioning involved.
The question remains how to account for these two
effects, the modification of the original amplitude of the
leading order in (14), and the appearance of the second
process.
B. A PDF-type language
Inspired by how this is done in QCD [6], we will use a
PDF-type language in the following.
The higgs sector is not asymptotically free, but this
takes only effect at energies many orders of magnitude
larger than considered here. This should therefore be of
minor concern.
Furthermore, the large mass of the higgs, providing a
hard scale in comparison to the initial bound state mass,
and the general weak coupling suggest that factorization
is viable in the present case. However, a more fundamen-
tal investigation will be required eventually. Especially,
for non-generalized PDFs it is usually required that all
partons are essentially massless, i. e., m2parton ≪ s. While
this does not hold for the Higgs at the low-energy ver-
sions of the planned colliders, the Applequist-Carrazone
theorem [36] suggests that this will yield corrections in
powers of m2h/s, which will be neglected here for simplic-
ity. Alternatively, if the reader wishes, the results can be
easily extrapolated to s ≫ m2h, where the realm of ordi-
nary PDFs is reached, and factorization should work as
usual. Best would be, of course, to use generalized PDFs
[37, 38], but this is a demanding future research project.
We will also assume that the final state fragmentation
of the elementary fermion pair f and f¯ will not sub-
stantially affect the process itself, and therefore do not
include any fragmentation functions. This is equivalent
to assuming that the hard produced elementary fermions
hadronize to 100% into the corresponding bound states.
To this end, we start again from (13), and rewrite the
8corresponding cross-section using PDFs as [6]
σE+E−→F¯F (s) (16)
=
∑
i
∫ 1
0
dx
∫ 1
0
dyfi(x)fi(y)σi¯i→f¯ f (xp1, yp2).
where the subscript i denotes the involved elementary
particles in the initial state.
The cross-sections σi¯i→f¯ f are the elementary perturba-
tive cross-sections for the corresponding processes, which
will be evaluated to lowest non-vanishing order in all
couplings. We neglect all transverse momentum com-
ponents, as the higgs mass is assumed to be sufficiently
large compared to them. We consider here the cases of
LEP(2), CEPC, and the ILC, i.e., up to an energy of√
s = 1 TeV. However, the results can be extrapolated
straightforwardly to any arbitrary s. The calculations of
σi¯i→f¯f (xp1, yp2) is a straightforward application of stan-
dard perturbation theory [6], which we will not detail
here. The explicit expressions can be found in [39]. The
Feynman diagrams included are shown in figure 1.
Because the PDF language requires the partons to be
on-shell, no effect of the bound state structure can arise
in the present approximation for s < 4m2h. Therefore, in
this energy range just the electrons and positrons in the
initial state contribute to the cross-section. This can also
be seen from the fact that the corresponding elementary
cross-section σηη→f¯ f vanishes below this threshold. This
can be made explicit by rewriting (16) as
σE+E−→F¯ F (s) (17)
= θ(4m2h − s)σe+e−→f¯f + θ(s− 4m2h)×
×
∑
i
∫ 1
0
dx
∫ 1
0
dyfi(x)fi(y)σi¯i→f¯f (xp1, yp2).
Thus, for center-of-mass energies below this threshold,
no consequences of the bound state structure of the ini-
tial state can be felt. This includes the LEP(2) energies.
Relaxing this on-shell condition requires not only virtual
particles as initial states in the hard processes, but the
use of off-shell PDFs [37, 38]. The complexity of such
an endeavor is far beyond the scope of the present in-
vestigation, and therefore also left for future research.
Still, off-shell contributions are at leading order usually
suppressed compared to on-shell contributions. Even the
largest LEP2 energies would require the higgs particles
to be very far off-shell. This gives an additional reason
why none of the bound state structure has been seen at
LEP2 energies.
Based on the considerations derived from (14) and (15)
the sum in (17) should run over electrons/positrons and
the higgs particles. Then fi is one of the two PDFs for
the electron and the fluctuation field of the higgs, fe and
fη, respectively.
The PDFs have to fulfill the sum rules∫
dx fe = 1, (18)∫
dxx(fe + fη) = 1, (19)
encoding the total charge and the total energy, respec-
tively.
The next complication arises from the s-channel ex-
change in this process. Because the tree-level propaga-
tors have singularities at their masses, the integrals in
(17) over x and y are not well-defined. To avoid this,
the propagators for the Z and the η, and for the χ to
keep gauge invariance in the interplay with the Z prop-
agator, are given their physical width by replacing their
singularities as
1
p2 −m2 →
1
p2 −M2 + iMΓ
where Γ is their observed width [5]. As these widths are
in all cases rather small, this does not substantially affect
the results even close to the pole. Note that we include
the electron mass in the calculations, and therefore no
treatment of the photon pole is needed.
C. Pair production process at the ILC and CEPC
The last step is to specify the PDFs in (17). Given
that in the present on-shell formulation no experimental
data can be used to constrain the PDFs yet – this will
require either CEPC or ILC – here ansa¨tze will be made.
As the bound states are two-particle states we make
the ansatz that the momentum should be either dis-
tributed such that one particle carries most of the mo-
menta and the other almost none, or both could carry
about the same amount. A suitable structure is
fi(x) =
1√
2πw2
(
ae−
x2
2w2 + be−
(x−1/2)2
2w2 + ce−
(x−1)2
2w2
)
.
(20)
Note that if the energy available to a parton is smaller
than m2i the energy fraction is insufficient to put the par-
ton on-shell. Then the cross-sections involving this par-
ton vanish.
In principle, each of the peaks could have its own
width, but for the present exploratory study this provides
too much freedom. Thus, the three prefactors are mainly
parameterizing the relative importance of the three struc-
tures. Out of the eight free parameters the two sum rules
(18-19) constrain two.
The case of ordinary perturbation theory is recovered
for
fe(x) = δ(x − 1) (21)
fη(x) = 0, (22)
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Figure 1. Feynman diagrams of the relevant processes. The top line gives the contributions for σe¯e→f¯f (xp1, yp2) and the
bottom line for ση¯η→f¯f (xp1, yp2). The Higgs components η and χ are the fluctuation and uncharged Goldstone fields of the
Higgs, respectively.
which automatically fulfills the sum rules. This is also the
form which arises if s < (2mh)
2, because then the higgs
constituents cannot come on-shell. Therefore, nothing
changes below the two-Higgs threshold.
Now the following situation arises. Because the cross-
section σe+e−→f¯f rises quickly with decreasing s, any
substantial contribution at x < 1 immediately increases
the total cross-section substantially. Thus, any contri-
bution for be is problematic. This is even more so if
w & xme/s, as then soft electrons will even more en-
hance the effect due to photon-exchange. Thus, if the
cross-section should not become much larger, this re-
quires fe to be strongly peaked around x = 1, i. e. hav-
ing a very small width w. The prefactor is then entirely
determined by the charge sum-rule (18). However, the
energy sum-rule (19) then allows only a negligible contri-
bution around x = 1 for fη, as long as aη is not large and
negative. The only way out is having ae to be non-zero,
and comparatively large, at small width.
Pushing these considerations to the extreme yields an
ansatz
fe(x) = aeδ(x) + ceδ(x− 1)
fη(x) = aηδ(x) + cηδ(x− 1).
The sum-rules yield ae+ ce = 1 and ce+ cη = 1, and the
value aη is undetermined. The expression (16) can then
be analytically calculated. Normalizing the results to the
conventional perturbative results yields
σE+E−→F¯F
σe+e−→f¯f
=
c2eσe+e−→f¯f + (1− ce)2ση†η→f¯f
σe+e−→f¯ f
= c2e + (1 − ce)2
ση†η→f¯ f
σe+e−→f¯f
(23)
Any softening of the δ-functions to the exponentials of
(20) will diminish the effect, as long as aη ≥ 0 is re-
quired. As in the present tree-level ansatz the PDF still
have a probability interpretation [36], we will refrain from
allowing a negative aη. For the same reason, this requires
ce ≤ 1.
For light final states the cross-section ση†η→f¯f is neg-
ligible. Therefore, in these cases the ratio will essentially
drop to c2e above the two-higgs threshold. Hence, only for
the top a substantially other behavior can be expected
for ce . 1.
This establishes the qualitative features of our results.
A quantitative statement requires knowledge of the in-
ternal structure, which in the form (23) is completely
encoded in the value of ce.
Assuming values for ce, quantitative examples of the
effects are shown in figure 2. It shows all the qualita-
tive features, but the most dominant effect is the quick
decay with s to the value determined by c2e, except for
the top. Thus, the depletion of the cross-section above
the two Higgs threshold would be the signature for the
substructure, if the qualitative features of the approxi-
mations performed here carry over to the full case. Note
that since both cross-sections depend, up to a prefactor,
asymptotically in the same way on s the signature re-
mains also at higher energies, especially at energies where
it would be safe to neglect the mass of the higgs.
Taking the result literally, and assuming that ce is
not too different from one, the picture of a bound state
emerges in which most of the energy is carried by the
electron, while the higgs component carries essentially
almost nothing of the energy. Zero momentum is, how-
ever, equivalent to no strong localization inside the bound
state, and the higgs field fills out the bound state more or
less homogeneously. This is a very similar picture to the
usual one of a constant higgs vacuum expectation value.
Whether this is indeed observable at CEPC or ILC now
depends entirely on the actual size of ce, or the actual
shape of the PDFs. But it is a statement of where to
look for the effect experimentally, and it seems to be
in range for these experiments, provided all assumptions
made are sufficiently good.
While the quantitative values depend on many more
details, a modification is the unambiguous prediction of
the theory. The only question is how large, and here the
parameters of the standard-model very likely will require
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Figure 2. The left-hand side shows the ratio of the full case to the trivial case (23) at rapidity zero and as a function of
√
s
in GeV for different final states for c2e = 0.95. The right-hand-side shows the same ratio for the top final state as a function
of both a2e and s. Note that here the differential cross-section in the rapidity are shown, rather than the integrated one, to
avoid problems due to collinear singularities. However, (23) remains unchanged when the total cross-sections are replaced by
the differential cross-sections.
a high precision measurement.
There are several future avenues how to obtain more
quantitative predictions theoretically.
To incorporate insights from existing data would re-
quire to extend the PDFs such that also off-shell initial
states are included. Though this is possible in princi-
ple [37, 38], this will not be an entirely trivial exercise.
Especially, this raises the question of whether other off-
shell (sea) degrees of freedom, like w and z bosons and
the would-be goldstone bosons, should not also be in-
cluded. Further charged particle PDFs would reduce the
importance of the charge sum rule (18), which currently
strongly restricts the shape of the electron PDF.
Another possibility would be to use lattice calculations
or functional methods to determine the PDFs, at least
for the quenched case. While in principle this may be
possible [40–42], this is yet even for QCD a pioneering
area. Nonetheless, as there are no detected substantial
deviations in available experimental results [5], current
experiments can only serve as constraints to the PDFs.
Thus, such non-perturbative investigations will probably
be necessary to make precise quantitative predictions for
the CEPC and the ILC.
IV. SUMMARY
We have discussed the implications of gauge-invariant
perturbation theory, based on gauge invariance and the
FMS mechanism [3, 7], for the flavor sector of the stan-
dard model. In particular, we have analyzed how the
necessary compositness of gauge-invariant states describ-
ing the standard model fermions requires to replace the
usual flavor quantum number by a custodial quantum
number. We have also investigated whether it is possible
that the standard model’s generation structure could be
dynamically generated.
In the second part of this work we turned to experi-
mental consequences of these considerations. We investi-
gated pair production of fermions at the CEPC and the
ILC in gauge-invariant perturbation theory. To account
for non-trivial effects, we transferred the PDF language
of QCD bound-state scattering to the present case. We
found that the substructure will play a role above the
two-Higgs threshold, but it is most likely a tiny effect.
This suggests to study the corresponding process at very
high precision, but this is fortunately anyway a primary
goal of these experiments. We also found a rather similar
behavior for all final states, except the top.
In absence of data for this case, and first-principle
non-perturbative calculations of the PDFs even in QCD
still being challenging, we can only conclude that there is
a potential for deviations from the standard perturbative
picture. This requires a thorough understanding, as any
such deviations could be mistaken for new physics effects,
while being just ordinary standard-model physics. As
noted in section IIA, there may even be a potential for
deviations in hadron-hadron collisions in high precision
data, like at the high-luminosity LHC or the future
FCC. However, in this case the situation is much more
involved than in the e+e− case.
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